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1. INTRODUCTION 


It is well known that, for every real convex function/on the interval [a, b\, we have [1] 

b 



a 


These are celebrated Hermite-Hadamard inequalities. In probabilistic words, they say that 

< cx Ef (X) < cx Ef{X*), f G C cx 

where E denotes mathematical expectation, X (respectively, A*) is a random variable having 
the uniform distribution on the interval [a, b] (respectively, on the set {a, b }), C cx is the set of 
all real convex functions on [a, b] and < cx stands for the so called convex order of random 
variables [2]. 

Alomari [3] generalized the classical Hermite-Hadamard type inequalities for every convex 
function and for every positive convex function on [a,b], Mwaeze [4] obtained some 
generalized Hermite-Hadamard’s inequality for every convex function and for every positive 
convex function on the coordinates. Elahi [5] obtained Hadamard’s inequality for s-convex 
function on n-coordinates. 

There are many studies in recent years on some types of convexity for stochastic processes 
and Hermite-Hadamard inequalities for related convex stochastic processes, and it is of great 
importance in optimization, especially in optimal designs, and also useful for numerical 
approximations when there exist probabilistic quantities in the literature. Convex stochastic 
processes were proposed and some properties were given for classical convex stochastic 
processes by Nikodem [6]. Stochastic convexity and its applications were defined by Shaked 
et al [7]. Jensen-convex, A-convex stochastic processes were introduced by Skowronski [8]. 
The classical Hermite-Hadamard inequality to convex stochastic processes was extended by 
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Kotrys [9]. Convex stochastic processes on the coordinates were introduced and Hermite- 
Hadamard type inequalities for these processes were obtained by Set et al [10]. Harmonically 
convex stochastic processes were defined and Hermite-Hadamard type inequalities were 
obtained by Okur et al [11]. Okur et al [12] extended these processes on two-dimensional and 
interval obtained Hermite-Hadamard type inequalities and estimation for these processes. 
Karahan et al [13] investigated the convex stochastic processes on n-coordinates, and obtained 
Hermite-Hadamard type inequality for these processes. 

The authors’ findings led to our motivation to build our work. The main subject of this paper 
is to adapt some obtained results concerning harmonically convex functions on n-coordinates 
by Viloria et al [14] to harmonically convex stochastic processes on n-coordinates and to 
obtain Hermite-Hadamard type inequalities. 


2. PRELIMINARIES 


There are well-known definitions of stochastic processes and some fundamentals about 
Hermite Hadamard Inequality for stochastic processes in the literature (see, [9]-[13]). 

Definition 2.1 [9]. Let (fl, 3, P) be an arbitrary probability space and I E 3, / c R be an 
interval. The stochastic process X: I X fl -* R is called almost everywhere convex if 

X(At + (1 - A)s,-) < AX(t ,•) + (1 - T)A(s,-) 

for all t,s E I and A E [0,1]. If the above inequality is reversed then X is said to be concave. 

Definition 2.2[9]. Let (13,3, P) be an arbitrary probability space and I E 3, / c R be an 
interx’al. We say that a stochastic process X\I X fl -* HA is called 

(i) continuous in probability on I if for all t 0 E I if 

P — limXftfa = X(t 0 ,f, 

t->t 0 


where P- lim denotes limit in probability, 

(ii) mean-square continuous on I if for all t 0 E I if 

limE[X(t ,•) - A(t 0 ,-)] 2 = 0, 

t->t 0 

where E\f (t,-)] denotes expectation value of the random variable X (£,•), 

(iii) mean-square differentiable at a point if t E I if there is a random variable X' (t,f: I X 
fl -» M such that 


X'(t, •) 


X(tr)-X(t 0 , •) 
P — am - 

t->to t £g 


We say that a stochastic process X\ I x fl R is continuous (differentiable) if it is continuous 
(differentiable) at every point of the interval /. 

Definition 2.3[9]. Let (fl, 3, P) be an arbitrary probability space and I E 3, / c R be an 
interval and X: I X fl -* E be a stochastic process with E[X(t,-) 2 \ < oo far all t E I. Let 
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[0, t] c /, 0 — t 0 < t ± ...t n — t be a partition of [0, t] and 0 k E t fc ] arbitrary for 

k — 1, A random variable ry. fl X fl -* E is called mean-square integral of the process 
X(t,f on [0, t] if the following identity holds: 


limE 

n-> oo 


^ X(0 k r) ■ (t k - t k —f) - q(t,f 


. k=l 


= 0. 


Then we can write almost everywhere 


L 

/ 


X ( u,-)du — q (t,-). 


The mean-square integral operator is increasing on [0, t] almost everywhere, that is, 

t t 

X{t ,•) < L(t,-) J X ( t,-)dt < j Y(t,-)dt. 

o o 


Let us consider the Hermite-Hadamard integral inequality for harmonically convex stochastic 
processes: 

Definition 2.4[11]. Let I c R \ {0} be a real interx’al. A stochastic process X: I X fl R is 
said to be a harmonically convex stochastic process almost everywhere, if 

x Gt +(i-Vs ')- ms ' )+il - (2 ' 1} 

for all t,s E I and A E [0,1], If the above inequality is reversed, then X is said to be a 
harmonically concave almost everywhere. 


Proposition 2.1[11]. Let I c R \ {0} be a real interx’al and X: I X 12 -* R is a stochastic 
process. 


(i) IfX is convex and nondecreasing stochastic process, then X is harmonically convex. 


(ii) IfX is harmonically convex and nonincreasing stochastic process, then X is convex. 


Theorem 2.3[11]. Let / c M \ {0} be a real interx’al and X: I X LI -» M be a harmonically 
convex stochastic process and a,b El° with a < b. If X E L[a,b] then the following 
inequalities hold almost everywhere 


/ 2ab \ ab r b X(t,-) X(a,-) + X(b,-) 
\a + b’J — b — a J a t 2 ^ ~ 2 


( 2 . 2 ) 


Let us consider the two-dimensional interval A= [a, b] x [ c, d] in (0, oo) x (0, oo) with a < b 
and c < d. 


Definition 2.5[12]. A stochastic process X: A x 12 -» M is said to be a harmonically convex on 
A, if the following inequality holds almost everywhere 
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tl t 


1 L 2 


Si s 2 


VAtq + (1 — A)t£ As^ + (1 — A)^2 


■)/) < AX((t 2 ,s 2 ),-) + (1 - X)X((t llSl )r) 


for all (tijSi), (t 2 , s 2 ) £ A and A G [0,1]. If the above inequality is reversed, then X is said to 
be a harmonically concave on A. 


Definition 2.6[12]. A stochastic process X: A x fl —> K is said to be a harmonically convex on 
the co-ordinates on A X fl if the partied mappings X s : [a, b\ X fl -* M, X s (u,f := X((u, s),-) 
and X t : [c, d] x fl —> R,X t (rv) : = X((t, v),f defined for cdl t E [a,b] and s E [ c,d] are 
harmonically convex almost everywhere. 


Theorem 2.1 [12]. Suppose that X: A x 12 —> K is harmonically convex on the coordinates on 
A. Then the following inecjualities hold almost everywhere: 



< 


abed 


b d 


(b — a)(d 


-IS 


(tsf 


-X((t,s), .)dtds 


< 


(Af(Ct, c), ) + X((t, d),-)j dt + f ^(x((a,s),-) + x((&,s),-))ds 


^ X((a, <:),•) + X((fr, c),-) + X((a, d),-) + X((b, d),-) 

_ 4 


(2.3) 


For n > 2, let iq, iq, (i = 1,2, ...,n) be real numbers such that iq < iq for i = 1,2, ... ,n, and 
the n-dimensional interval A n = Yl?=il u i> v i\ — [0, oo) 71 . 


In the following we give definition of convexity for stochastic processes on n-coordinates: 


Definition 2.7[13]. A stochastic process X: A n x fl -> R is called convex on n-coordinates if 
the stochastic processes 

Xf n (t,•) — X((t lf ..., tj_!, t, t i+1 ,..., t n ),-) 

are convex on [iq,r> j] almost everywhere for i — 1,2, ...,n. 


Definition 2.8[13]. A stochastic process X\A n x fl -» E is said to be convex on A n if the 
following inequality holds almost everywhere 

X((At + (1 - A)s),-) < AX(t,-) + (1 - A)X(s,-) 

for cdl t = ...,t n ),s = {s 1 ,s 2 , ... ,s n ) G A n and A G [0,1]. dze above inequality is 

reversed then X is said to be concave on A n . 
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3. MAIN RESULTS 


The main goal of this section is to present Hermite-Hadamard type inequalities for 
harmonically convex stochastic processes on n-coordinates. 

In the following we give definition of harmonically convexity for stochastic processes on n- 
coordinates: 

Definition 3.1. A stochastic process X\ A n c R+ x fl -* R is called convex on n-coordinates 
if the stochastic processes 

X l tn (t ,•) := *((t lf ..., tj-i, t, t i+1 ,..., tj,-) 

are harmonically convex on [iq,tq] almost everywhere for i — 1,2,..., n. 

Definition 3.2. A stochastic process X: A 71 c R+ x il -> R is said to be harmonically convex 
on A n if the following inequality holds almost everywhere 

*( Gt + ( (3-D 

for all t = (t lt t 2 ,..., £ n ), s = (s lt s 2 ,... ,s n ) E A n and A E [0,1]. If the above inequality is 
reversed then X is said to be harmonically concave on A n . 

Proposition 3.1. Let be A: d n c R?J x 12R is a stochastic process and Xj- n (t,-) ■— 
X((t v ...,ti_ 1 ,t,tj +1 , ...,t n ),-), for some i = 1,2, ...,n. 

(i) If Xf n is convex and nondecreasing stochastic process for i — 1,2, ...,n, then X is 
harmonically convex on n-coordinates. 

(ii) If Xf n is harmonically convex and nonincreasing stochastic process for i = 1,2 ,... ,n, then 
X is convex on n-coordinates. 

Lemma 3.1. Every harmonically convex stochastic process X: A n c R+ x 12 R is 
harmonically convex on n-coordinates almost everywhere but converse is not true. 

Proof. Let X\A n x fl -* R be harmonically convex on A n . Assume that X\ : [iq, tq] x fl -* 
R, defined by 

Xt n (f>0 — x(^(t^, ..., tj_i, t, tj+i,..., tji), }, [izjj]. 

Now for t,s E [iq,tq] and A E [0,1] almost everywhere 

= X 

l tf-i _ ts 

Ati + (1 — + (1 — At + (1 — A)s 

t 2 t 2 

L i+1 L n 

\ Xt i+1 + (1 - A)t i+1 ’ ' At n + (1 - A)t n 




t ±,..., tj_^, 


At + (1 — A)s 


> ti+l> ■■■ ’ t-nj 
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— ■■■, tj + 1 , ..., t n ), •) + (l-2)*((t lf ... f tj-i, t, tj +1 ,..., t n ),-) 

= A*j n (s,-) + (1 - 2)*j n (t,-) 

which implies ' s harmonically convex on [u it V[], that is, X is harmonically convex on n- 
coordinates. 


Now, consider X: [3,6] x [4,6] x [5,6] x fl -> [0, oo) given X((t 1; t 2 , t 3 ),-) = (t x — 3)(t 1 — 
4)(t 3 — 5). It is obvious that X harmonically convex on 3-coordinates by Proposition 3.1, but 
is not harmonically convex on [3,6] x [4,6] x [5,6]. Indeed (3,6,6), (4,6,5) G [3,6] x [4,6] x 
[5,6] and 2 G (0,1) we have 


X 


= X 


3.4 


6.6 


_).) 

(1 — A). 5/ J 


3. A + (1 - A). 4'6. A + (1 - A). 6'6. A + (1 

V 12 30 \ \ / 12 \ / 30 \ 

^4-A’ 6, 5 +a)’’) ~ \4-A~ 3 ) < ^ 6 ~ 4 ' > V5 + A -5 ) 

3 A \ /5 — A\ 62(5 - A) 

MsTa) = 


4 -A) 


(4-2)(5 + 2) 


> 0 ; 


and 


AX(( 3,6,6),-) + (1 - 2)*((4,6,5),-) 

= 2(3 - 3)(6 - 4)(6 - 5) + (1 - 2)(4 - 3)(6 - 4)(5 - 5) = 0. 


Thus for all 2 G (0,1), we have 


X 


3.4 


6.6 


6.5 


,3.2 + (1-2). 4'6.2 + (1 — 2). 6'6.2 + (1—2). 5 



> 22 r ((3,6,6),-) + (1 - 2)*((4,6,5),-) 


which shows thatX is not harmonically convex on [3,6] x [4,6] x [5,6]. 


Theorem 3.1. If X: A n c M+ x fl -* M is harmonically convex stochastic process on 11 - 
coordinates, then Xjf n : [u k ,v k ] x fl -* M is convex on [u k ,v k ] for each k — 1,2, ...,n. From 
Hermite-Hadamard inequality, we have almost everywhere 





2u k V k 2 u k+l v k+l 

v k + U k ’v k+1 +U k+ 1 



n-1 yk f 2u k+1 Vk+i \ 

y u k v k r v * A t n \ Uk+1 + v k+1 r ) 

V k ~ u k J Uk tk 


< y u k v k u k+1 v k+1 r Vk r Vk+i x t k n +1 (t k+ i,-) 
(Vk ~ Ufc)Ofc+l ~ U k + 1 ) J Uk Ju k+1 (fk^k+ 1) 2 
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^ V U K V * f VkX t n ( U fc+ 1.-) + X t n ( V k+ 1' - ) J 

“ 2t| dt ‘ 


71 — 1 

1 \ 1 T A((tq, ..., t k _^, Ufc+'i, ..., t n ), - ) "I" ..., t k _i, U/j, U fc+1 , ... 7 tn),') 

4 Zj [+*((t lf ..., t fc _ 1; u k , v k+1 ,..., t n ),-) + *((t lf ..., t fc _ lf v fc , 14 + 1 ...., t„),-). 


(3.2) 


Proof. Since X: d n c E+ x 12 -> E is harmonically convex stochastic on n-coordinates, there 
for X\ : [iq, iq ] x fl -» E is harmonically convex stochastic process on [iq, iq ] for each 
i — 1,2 ,..., n, we have on [u i+1 , v i+1 ] almost everywhere 


vi+l ( ^ u i+i v i+i u i+l v i+l [ Vl+1 Xtn 1 (ti+ 1.0 ^ ^ X tn 1 ( w t+l>') + X ^ 1 (^i+i,') 

L. 4-1 <- — 12 “^ + 1 - 3 

'“H-l + U+l / ‘'t+1 u i+l 7u i+1 c i+l z 


All of sides of the above inequalities by integrating over [itj, iq ] 


UjVi 

Vi-u t 



( ^ttj+jVj + i \ 

Wi + t?i +1 ’V 


dti 


u i v i u i+1 v i+1 p r Vi+i xp(t i+1 ,o 

( v i — u i)( v i+l — u i+1 ) J u . J Ui+i tf +1 i+1 ' 

^ UjUj pA^Vt+l.O+^t + Vt + l.O 

— 2(Vj — iq) J u . tf 


(3.3) 


Again applying the Hermite-Hdamard inequality 


A 



2iiji7j 2iq +1 tq +1 
Uj + Ui’u i+1 + Vj + 1 


... , t n 


< 


UjVj 

Vi-Ui 



yi+ 1 ( 2tq + 1 iq +1 3 

tn Uj + 1 + t?i + 1 ’V 



dti 


(3.4) 


for each i E (1,2,..., n — 1} and also 

UiVi r v iXp(u i+1 ,-) +Xp(v i+1 ,-) 


W f 

2(v t -u t ) J u . 

r Vi xp(u i+1 ,-) dt | UjVj r 
i~ u iL t, 2 1 v i~ u iL 


dt[ 


i Vi f v iX l t + 1 (v j + i,-) 
dt, + — L - L - I 11 V dti 


t 2 ‘*•'1 v- u ) t 2 

L l U 1 U 1 Jui L l 


< 


^ (C^l* ■■■ 9 ti-l> Ui» Ui+i, ■■■ 

f tn)/) ”1” *((*!, ■■■> ^i+i* ■■■ 

. tn).') 

^((U, ■■■. i« tli, l^j+i, ■ 

2 

■, tn).-) + *((ti, ... 7 tj_!7 Vi , Vi+ 1 , ■ 

■ .tn)/) 

■■■, ti_i, Hi, Hi+i, .. 

2 

> tn)/) ^(Cti# ■■■ > ^i—lf Vi, Ui+i, ■■ 

. tn).") 

~X[(ti, ..., ti—i, Ui, Vi+i, 

■■, tn)/) + ^((ti, - , ti-1, ^ Vf+1, ■ 

■■. tn)."). 


(3.5) 


for each i E (1,2,..., n — 1}. Using the inequalities (3.4) and (3.5) in (3.3) and taking 
summation from 1 to n — 1, we have (3.2). 
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Theorem 3.2. Let X: A n c E+ x /2 E be harmonically convex stochastic process on n- 
coordinates. Then we have almost everywhere 


Y f (K (t»,0 + < (t*,o) dt k 

hi Vk ~ UkJ “t 

n 

^ y [A'CU,-) + X(l7/)] + y ^[4 n (Vfc.O + (Wfc, - )] 


where u — (it 1; u 2 ,..., u n ) and v = (v 1; v 2 , ■■■, v n ). 


Proof. Since X: A n c E+ x f2 -» E is harmonically convex stochastic on n-coordinates, there 
for X\ : [iq, V( ] x fl -* E is harmonically convex stochastic process on [cq, Zq ] for each 
i — 1,2, ...,n, we have almost everywhere 



K n (Mi,-) + xl n (Vi,-) ^ X(u ,•) + xl n (Vi ,•) 
2 ” 2 

4 n (Ui,0 + 4 n 0V) ^ 4 n (Ui,0 + X(V,-) 
2 ~ 2 


Adding above two inequalities we have 


f [Xu n (Ur) + X„ n (ti,-)]dti < 

u i u i Jui 


X(u,-) + X(v,-) + X l Un ( v t ,-) + Xy n (ui,-) 
2 


where i — 1,2 ,..., n. Adding above n inequalities we get the desired results of this theorem. 

Corollary 3.1. Let X:A 2 c E+ x fl -* E be harmonically convex stochastic process on 2- 
coordinates. Then (2.3) is valid. 


Theorem 3.3. Let X: A n c E+ x fl -* E be harmonically convex stochastic process on n- 
coordinates. Then we have almost everywhere 


X I 




Vr, 


2 u 1 u 1 2it n _ 1 r , n _ 1 2 u n v n \ \ 

1 "b ttn-l "b y 

m n t .-)2 “•'«■■■ dt i-^r X Wu + (1-5)17,-), (3.6) 

* KEli(n ) 


+ % 

4 n (tn-0 


dt r , 


where Z;(n) := (5 G 5 < 1, |5| = n + 1 — i, i = 1,...,n + 1}, ; |5| := + —1 - 5 n E 

M; 5u\ — (5 1 u 1 ,..., 5 n u n ) G Mq for it, v G A n . 


Proof. By applying Hermite-Hadamard’s inequality for harmonically convex stochastic 
process X? n on interval [it n , v n ] we have almost everywhere 

/ 2u n v n \ u w ^ n [ Vn X? n (t n , •) ( u n>') + 4 n 0v) 

W + t 2 n ~ 2 

By integrating on [it n _ 1( tq^ ], we get 
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n ( 2u n V n ) 

Un-lVn-l ( Vn ~ tn W + Vn') 

j -2 at n -1 

n-1 u n- 1 Ju n ^ 1 


n -1 

u n-l v n-l u n^n r n i r n X tn (t n /) 

~ (*n-l ~ Un-Jfrn ~ Un) J u „ (Wj 7 ^ " 


Vn-i yn 


< Un-lVn-1 f"' 1 
Vn-1 — V-n-i J w „_ 1 

From (3.4), (3.5), respectively 


X? n (Un ,•) + X t n n (!;„,•) 


2t 2 
AL n -1 


■ dt n -i . 



dt n -] 


1 

< — 
“ 2 2 


■■■ < Un—ii Wfi),') "I" ..., V n _i, W n )/^ 

+X((t 1; ..., Mn-i, !?„),•) + ^((ti, ..., 17 n _ lf !?„),•) 


From (3.7)-(3.9) 


x h . 


2Un-iV n -i 2u n V„ 


Vji-i F w n _ 1 u n + v n 


^ u n-l v n-l u n^n r n i r n X tn (t n ,-) 

~ (Vn -1 - Un-l)(Vn ~ Un) h., L n («n-l^n) 2 ^ " 


1 

< — 

“ 2 2 


■■■ ’ t^n—l< 3" -^((ti’ ■■■ ’ Vn-1> ^9i)>') 

[+X((t l7 ..., U n _ 1( V n )/) + *((t lf ..., 17 n _i, %),’) 

Thus, integrating on [it n _ 2 ,t; n _ 2 ]> we have 

2w n _iV n _i 2 u n v n 

/\ i i i ^ 

■r 


u n-2 v n-2 


"n-2 * l r 1 ’ ’ 17 n _i + U n _! ’ U n + V n 7 ’ 


n-2 u n-2 J u 


< 


/ t— r 71.77. \ r v n-2 r v n-1 r 

(n^)L, L. I. 


tn- 2 
Vn XI 

(nf= n -2 ^i)' 


dt 


n-2 


■ dt n _ 2 dt n _ 1 dt J1 


< 


1 U n _ 2 V n _ 2 f V "- 2 1 


2 2 v. 


n-2 u n-2 


/ 

J u r 


x[(tii ...»ttjj—i, w n ), - ) + ..., t^—1» w n ), - ) 


^n-2 l_FX((ti, ..., U n _i, Vn)r) "F ^((ti> ■■■ > V n -i, 1 'n)>’)-l 


din 


From (3.4), (3.5), respectively 


X t 1; ..., 


2 u n - 2 Vn -2 2u n _iV n _i 2u n v n 


Vn-2 F w n _ 2 r , n _ 1 + u n _j it n + 


(3.7) 


(3.8) 


(3.9) 


(3.10) 


2- (3-11) 
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< 


u n-2 v n-2 


Y If f ^Un-l^n-l 2li n V n 

v n -2 \\ 1 ’-’V n _ 1 +U n _ 1 ’U n + V n , 


< 


V n -2 

1 ^n-2^n-2 

2 2 V ■ 


^ t n-2^’n-2 f 

n-2 ^n-2 Ju- 


U n ~2 Ju n - 2 


t 2 

L n-2 

LlL n—2 > 

r v n -2 ]_ 

‘ jr((ti,... 

' t-Li—1' ^n)’’} 3" If ((^i7 • 

7 t^n-l' ^n)»’) 

I t 2 

• / u n _ 2 L n-2 

3-X((ti,. 

■■.Wn-i.%),-) 3-^((t 1 , ■ 



(3.12) 


dt n —2 


1 

< — 

“ 2 3 


From (3.11)-(3.13) 



» Wn-2» ^n-1' t^n);") 3” ^f ((£].' ■■■ 

7 Ui-2' t^n— 1 > ti n )/^ 

3-X((ti, . 

■■ 7 W n -27 Vn- 1 ' ^n)' } 3" X ((U 7 ■■ 

■■' ^n-2< ^n-l» ^n)' - ) 

3-X((ti7. 

■■' ^n—2< ^n—1' ^n)' } 3" If ((U 7 ■■ 

■■ > ^n-2< ^n-1< ^n)' - ) 

_3-3f((ti,. 

..,U n _2,y n _l7y n )7-) 3-X((t 1 , ■■ 

1 

60 

3 

1 

> 


(3.13) 


U-n — 

Vn-2 


l n-2 v n-2 f 

-2 “ u n-2 J Uv 


y[(+ 2u n -iV n -i 2 u n v n 

v 'M 1 ' 1 .r„ , 


3” u n -1 tt n 3” U, 


£ 


■ dt„_ 


n-2 


n-2 


< 


/ ft \ r Vn ~ 2 r v »-i r v « (t ni -) 

( ill?.-W J 1 1 (FT" t .y' lt n-2dt n ^ 1 dt 71 

\i=n-2 1 l ) Ju n -2 J u n -1 -V vl l[=n-2 Cl 


1 

< — 
“ 2 3 


■■■< ^n—2< W n -i, tt n ), - ) + -^f((Li' ■■■ < ^n—2> V n —i> Wn)>‘) 
+X(^(tl, ..., U n _ 2 , Wn—1< ^n)'"} 3” ■■■ < ^n—2< ^n—1> ^n)»’) 

■■■» ^n—2> V-n—1’ ^n)»‘) 3" -^f((ti7 ■■■ 7 ^n—2> ^n—l> ^n)>‘) 

L3-X((t 1; ..., V n _ 2 , U n _ 1( v n ),-) + x((t 1; ..., V n _ 2 ,17„_1, V„),-) J 


(3.14) 


Using inductive method for n — k — 1, we obtain 

2m 1 V 1 2u k _2 v k~2 2l lk-l v k-l 


X 


,k-1 


< 


KV 1 + u l v k-2 + u k-2 v k-1 + u k-1 

\ 

' Vl - 1 


• 1 = 1 


L r 1 
Jy.i 


Vi-UtUn, J Uk _ t (nfc't,) 


2 ^ t 


1 < X + C 1 “ 5 ) v »0 


8eli(k-i) 


where Zj(/r — 1) := (5 G Nq : 5 < 1, |5| = k — i; i — 1,... ,k,k E N}, 151 -F —I- <5 n G 
N; 5u: = (5!%,..., 8 n u n ) G Mq for u,v E A n . Consequently, for n — k, we get (3.6). 

Example 1. Let X: 4 3 x 13 -» M be a harmonically convex stochastic process and be 
integrated in mean-square on A 3 . Then almost everywhere 


X 


2 u 1 v 1 2 u 2 v 2 2u 3 v 3 


Vl?! + V 2 + U 2 V 3 + U 3 > 


< 


u 1 v 1 u 2 v 2 u 3 v 3 


v i r v 2 r v 3 


Ol - u 1 Xv 2 -u 2 )(v 3 -u 3 ) 



X((ti, t 2 , t 3 )/) 


Mi J U 2 J U 3 


t2f2f2 

L 1 l 2 l 3 


dt 3 dt 2 dt^ 
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X((u 1 ,u 2 ,u 3 ),•) + X((v 1 ,u 2 ,u 3 ),-) 

+X((u 1 , v 2 , u 3 ),- ) + X((v lt v 2 , it 3 ),-) 

+Jf((u lf u 2l v 3 ),-) + x((v lt u 2 , v 3 )r) 

+X((u 1 , v 2 , v 3 ),-) + *((v 1( i 7 2 , v 3 )»0 

Proof. According to Theorem 2 for n = 3, we get X? 3 (t 3 ,-) '■= X((t v t 2 , t 3 ),-) and Z f (3) := 
{/c G k < 1, |k| = 4 — i}, i = 1,2,3,4. Then 

Zi(3) - {(1,1,1)}; Z 2 (3) = {( 0 , 1 , 1 ), ( 1 , 0 , 1 ), ( 1 , 1 , 0 )}, 

Z 3 (3) = {( 0 , 0 , 1 ) , ( 0 , 1 , 0 ), ( 1 , 0 , 0 ),}; Z 4 (3) = {( 0 , 0 , 0 )}, 

and for it = (it 1; it 2 , it 3 ), v = (v lt v 2 , v 3 ) G A 3 

X(5u + (1 — S)v, •) 

KE.li (3) 

= 2f((l,l,l)(u 1 ( u 2 , u 3 ) + [(1,1,1) - (l,l,l)](i 7 lf v 2 ,v 3 ),-) = X((u lt u 2 , u 3 ),-); 

^ A(5u + (1 - 5)iv) = X((0,1,1)( 1 ^, 112 , 113 ) + [(1,1,1) - (0,l,l)](i7 lf i; 2 ,i7 3 ),-) 

KEl 2 (3) 

+ A(( 1 , 0 , 1 )(u 1 ,U 2 ,U 3 ) + [( 1 , 1 , 1 ) - (1,0,1)1(17!, v 2 , v 3 ),-) 
+Jf((l,l,0)(u 1 ,u 2 ,u 3 ) + [(1,1,1) - (1,1,0)1(17!, 17 2 , 17 3 ),-) 

= X((u lt V 2 , 17 3 ),-) + X((u 1; 17 2 , u 3 ),-) + Z((ll 1( U 2 , 17 3 ),-); 



So, 

^ A(5u + (1 -8)v, •) =^((l7 ll 17 2 ,M 3 ),-) + ^((l7!,U 2 , 17 3 ),-) + A((u 1; 17 2i 17 3 ),-); 
ke1 3 (3) 

^ Z(5lt + (1- 5)17,0 = A((l7 1; 17 2i 17 3 ),-). 

KElq. ( 3 ) 


Thus 


A(dit + (1 — 5)iv) = A((it 1 ,it 2 ,u 3 ),-) 

7C6ij(3) 

+A((u 1 ,17 2 ,17 3 ),-) +^((U!,17 2i U 3 ),-) + *((u lf U 2 ,17 3 ),-) 

+A((Ui, 17 2i u 3 ),-) + *((l7 lf U 2 , 17 3 ),-) + *((u lf 17 2 , 17 3 ),-) + ^((l7 lf V 2 , 17 3 ),-). 
Using all of the above equalities in (3.6), we obtain the desired result in this example. 


11 



4. CONCLUSION 


In this paper, we obtain some new Hermite-Hadamard type inequalities for harmonically 
convex stochastic processes on n-coordinates and obtain. As special cases, one can obtain 
several new and correct versions of the previously known results for various classes of these 
stochastic processes. 
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